6.

an

(e

Answer either (a) fflnd (b) or (¢) and () of
the following questions : . .

10
(@) Suppose that SR
zn=xn+iyn_(n=1,2,3..'.)amd
S=X+iY. Prove that
Zzn =S if and only if
n=1
2x =X and Dy, =y. g

(b)

(c)

(@

n=1 n=1

Find the Maclaurin series for the entire
function f(z)=sinz. 5

or

'Deﬁne absolutely convergent - series.

Prove that the absolute convergence of
a series of complex numbers implies

the convergence of the series. 1+3=4
Find the Maclaurin series for the entire
function f(z) = cosz. - _ 6
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1. Answ

Define the
(a) empty set X.

in indicate
ures in the margin indica

aces)

_ irected :
er the following as direc 1x10=10

discrete metric d on a non-
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) Let F; and F; be
(b) 1 | 2 t,WO_ Subsets of a mety; . ae cted metric
space (X, d). Then - = Tietric| (d) ‘Let (X,d) be a discon
: space.
W e = . ts -
) RUR=ENE ; ‘ We have the statem®€l! = it i
t 1V ; ol
; ' ﬂ:Fz ' e , I There exists two ﬂOﬂ‘empty dl?i 5
v — ' : : subsets A and B, poth OPET ’
G FKUF,=FKUF, , : , -
; 2 1 . such that X =AUB" -
: - R ' : i disjoinl
— : o I " II. There exists twO non-empty T
@ ROF =R F, e el \ ~ subsets A-and B, both closed 111 %
i e T 8§ Bonad such that X=AUB-
i) RNB=RUE .- | R
‘ e _ o o () Only Iis true

(Choos L ") Only IIis true
e the correct option) i’i')i) Botli [ and IT are true

(c) Let(X,d)

= be a metric spaceand A = X = ) ' (iv) None of I and I is true
en ‘L : : , : ; . .
T ' (Choose the correct option}
() Inta i o ! e fimit
tA. i1s the largest open set (e} Find the limit points of the set of
contained in A. :  rational numbers Q in the usual metric
(i : : R,.
). IntA is the largest open set _ ‘ u
containing A. _ . ) Ina metric space, the intersection of
(i) Inta i . o infinite number of open sets need not
is the intersection of all open be open. Justify it with an examplc.
sets contained i o e
(i) Ini « n A : ; (g) Define a mapping f: X —>Y, so that
IntA=a . ; the metric spaces X =[0,1] and
 (Cho | . | y =[0,2] with usual absolute val
(" ose the correct option) | - metric are homeomorphic. vame

2 S a2 .
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Answer the following questions :

(@)

(b)

(c)

Deﬁne Riemann sum of f for the tagged
partition (P, t)-

State the first fundamental theorem of
calculus..

Examine the ex1stence of 1mproper

Rlemann 1ntegral

T dx

Tdx?
—00

2x5=10

Prove that in a'metric space (X,d)
every open ball is an open set.

Prove that the function f :[0,1]->R
defined by f(x)= x?
continuous mapping.

is an uniformly

Let d, and d, be two matrices on a

non-empty set X. Prove that they are
equivalent if there exists a constant K
such that

1 y :
Edz(X,y) < dl(x:y)SKdQ(x:y)

3 (Sem-ﬁ/QBCS) MATHC1(N/0)/G 4
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(@)

(e)

If m is a positive integer, _
prove that [m +1 =m! :

_Let f(x)=x on [0,1]-

Let P = xl_i

: l=O,....4}

Find L(f,P) and U (f,P)-

Answer the following questlons (any four):

(@) .

()

5x4=20

Let (X d) be metric space and F be a
subset of X. Prove the Fis closed in X

y1f and only if F°® is open.

(b) I

Define diameter of a non-empty
bounded s_ﬁbset of a metric space
(X,d). If Ais a subset of a metric
space (X,d), that
d(A)=d(A).

1+4=5

Let (X,d) be a metric space. Then
prove that the following statements are
equivalent :

then prove

i) (X,d) is disconnected.
(it)  There exists two non-e

-empt
disjoint subsets A andg B, bgt}};

open in X, such that X=AUB

Contd.



4.

f, :[a,b - = :
(d) Let fg = I R ‘be Integrab]e
functions. 11€n prove that

integrable and f+g is

e @ W e Py |

(e) Discuss the convergence of the intégral' |

. Im_l_-dx

L TP for various _valpes of p.

() Consider f:[0,1]>R defined by
A 4(x)=x2 . Prove that f is intégrable,
Answer the following questions : 10x4=40

(@) (i) Let X be the set of all boundeci
sequences of numbers {2} i1

'such that sup|x;| <.’

i
For x={X; }»1 and y={yi}i_21 in |

X define d(x, y)=sup|x; -yl
i.

Prove that d is a metric on X.

(i) Prove that a convergent sequence
in a metric space is a Cauchy
sequence. Is the converse. true ?
Justify with an example. 4+1=5

3 (Sem~6/CBCS) MAT HC 1(N/0)/G 6
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@ )
(i)

W
(i)

Or

JTx-ul

Show that d(x, Y)= ¢ of reali

defines a metric o1 the s€

Show that the metric space

X =R" with the metric given by

1
dp(x’y)=(2‘xi—yilp)/p’ pzl
where x=(x, Xgreer x, ) and

y=(y1, Y iveres yn) are in R" is
a complete metric space. 6

Let (X,dy) and (Y, dy) be two
metric spaces and f: X > Y. Iff

is continuous on X, prove :.he
following : 3+3=6

0 @) < f(B) for all

subsets of Bof Y

(i) f(A)cF(A) for all subsets

Aof X

Let (X,dx) and (Y, dy) be two
metric spaces and f:X Y be

~ uniformly continuous. Prove that

T },121 is a Cauchy sequence

in X, then {f () sy is a Cauchy
sequence in Y. 4

Contd.



(b)

(c)

(c)

- (l) Prove that if the

Or

ine fixed point of
?e:ﬁxni #n Lfet T:x ijaDDing
contraction © the Complete metr.a
space (X,d)- Prove that Bt ic
unique ﬁxed DOt 5 +8=1q
(X, d) is dis(%(?nnectrencftainsgl%e
exists & continuoyg €re

(x,d) onto the discrete € of

: tWo
element space (X,, g,y 2
@) Let (X, d) be a metric Space ang

A%, BO are interiors of
A and B respectively,

(ANB) = 4°n Bo,
(AUBY = A°UBO.
or '

the Subsetg

)

(i) Wheh is a ‘non—emp_ty subset Y of .

a metric space (X, d) said to be.

connected ? Let (X, dy) be a
connected metric space and

fi(X,dx)=>(Y,dy)  be a

continuous mapping. Prove that

the space f(X) with the metric
induced . from Y is connected. 5
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Prove that

(d)

@

(ii)

(i)

()

@

@

> d

.tric space an
Let (x, o) be a met . "
4 "()’ ‘l(f)){is separable Lhc:t;:irrc; =
that ‘Y.wn_h the induced metrc B
also separable.

If fis Riemann integrable ond[P% Zrl
then prove that it is bounde 2
[a, b]. |

When is an imprjc;??)r Riemann
gﬁsgafh?ﬁhf ier}riproper integral
of f(x)=|x |—}é exists on’ [1:14’, =1:1)
and its value is 4. ;

Or

‘Let f:[q,b]—> R be integrable.

Then prove that the indefinite
integral F(x)= J': Ff(Hadr is

continuous on [a, b]- ‘

Further prove that if I is

continuous at x e [a,p], then F
is differentiable at X

and
F'(x)= f(x). 3+3=6
Evaluate .
Dot e [
fim L+V2+ v v o
X—>0 ns 3 4
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1. Answer the following; as directed 2 '1x7;7, ;

(@)

(b)

(c)

" old Syllabus
Full Marks = 60

(Comp lex Analysis)

hny complex RUTDET 7 = (5, ) can be

written as o
(l) Z:'(O:x)—l_(l)o)(oxy()

i) z=(%0)+(0.1)(y,0)

i) z=(x0)+(0,1)(0,y)
() z=(0,x)+{0)(y0)

(Choose the correct option)

Write the function f(z)=2%+z+1 in

the form f(z)=u(x, y)+iv(x, y)-

The value of lim 2edur T
. zow Z+1

i) o

(@ O

i) 2

() i

3 (Sem-6/CBCS) MATHC 1(N/0)/G 10

(Choose the correct option)

(d) Determine the sin

(e)

(9)

3 (Sem-6/CBCS) MAT HC 1N/O)/G 11

_ (iv) . D)

S —

gular points of the
function
2
= 1
f‘(.Z): (z+2)(z2 c2z+2)

i i ion he
Define an analytic functicnl of t

complex variable z.

el(2n+l)x .is equal to
@y 1-
@i -1
(i) O

(Choose the correct option)

Log(-1) is equal to .

A 1251"
@) xi
(i) ~5i
iv) i

(Choose the correct option)

Contd.



Answer the following questions : 2x4=8

2

" (a) Show that zlz_rz;tc el

(b) If f(Z)=ex. eV =e2 -where 'z:x-_i_iy,
show that f'(z)= exc.osy+ie’,c siny.

(c) Show that If(z)dz:o when thé
c

contour C is the unit circle | z|=1 in

22
z-3

either direction and f(z)=

_' (d) Show that the sequehce Z; .=%+i i
: , n

(n=1,2,3, ...) converges to i. .

Answer any three questions from the

following : ' 5x3=15

(a) If z and z, are complex numbers then
show that '

© cos (2, +2, )= cosz, cosz, - sinz, sinz,

3 (Sem~6/CBCS) MAT HC I(I;I/O]/G 12

be analytic
D 1f | f(z)]
then prove

(b) Suppose a function flz)
throughout a given domaiﬁ

is constant throughout D,

that f(z) is constant in D.

of the real

(c) Show that the derivative
exists only

v
valued function f(z)=|7%]
at z=0.

(d) 1f a function f is ana}yﬁc at a g,:e’;f
point, then prove that its der1vatves o
all orders are analytic there too.

(e) State Cauchy integral formula. Apply

it to find | 1(2) 4, where f(z)= p
-2 Z+i B=z

and C is the positively oriented circle
lzlE2s

. 4 Answer either (a) and (b) or (cj of the

following questions : 10

(@) (i) Show thatif f(z)= IZ in the open

2
disk |z|<1, then
: 1
lim f(z)=3 3
3 (Sem-6/CBCS) MATHC 1(N/0)/G 13 Contd.



(b}

(c

i Show that the function
S

fle)=°¢ s
(-ﬂﬁrc' 3

Ysinx—ie Yoosx j

ifa funC(’iOX‘) f (Z) 18 continuous and

nonzero at a point Zg, then prove
-+ 0 throughout some

that [ @ .
neighbourhOOd of that point. 4

or

Let the ﬁlnction
#(2)=u(xy)+iv (6 Y) be defined -
throughout some & neighbourhood of
a point Zo =Xo % Yo, and suppose

that .

() the first order partial derivatives
of the functions u and v with
respect to x and y exist everywhere
in the neighbourhood;

i) those partial derivatives are
continuous at (xg, Yo) and satisfy

the Cauchy-Riemann equations -

Uy =Vy, Uy = Uy at (x0) y())'

_ Prove that f'(z) exists and

f'(zo)=u, +iv, where the right hand
side is to be evaluated at (xg, Yo )-

3 (Sem=6/CBCS) MAT HC 1(N/0)/G 14

the fnllrrwing uestiors

(@) Find the value of I i e

(b)

(0

(d) Prove that any polynomial

: P.(Z)=Clo+alz+aﬂz'3 S

3 (Sem-6/CBCS) MAT HC 1(N/Q)/G 1§

B ANAWEE tthgy () 0w o7 (€] 27 pdy ot

10

re 59 the

‘

( i o = { {
right-hand hall e ze"’ - 0% 3
of the circle |z| =2 from z=-21 O
z=2%, =
Let C be the arc of the circle 1z} =2
from z=2 to z=2i that lies in €
st quadrant. Show that
“‘ z+4dz < _§£ s
c z3 -1 7
Or
State Liouville’s theorem. 1

+a,z" (a,=0

of degree n(n>1) has at least

ZEero.



