Or

Let F be a field. If f(x)eFlx] and
degree f(x) is 2 or 3, then f(x) is .
reducible over Fif and only if f (x) has

a zero in F. Is the result true when
degree f(x) is greater then 3 ? Just1fy

743=10

(d) In a prmc1pa1 1deaj domam show that
an element is irreducible if and only if

it is prime. Use this. result to, show'v_'i

that z[J=3]={a+ =3 : 0, bez} ishot
a prmmpal ideal dornam gk 7+3 10

.Or» ST

(i} In a pﬁhéipal ideal do'r‘n‘ehn,,ys‘how T

that any- strlctly 1ncreasmg chain

of ideals I1 c 12 ok must be ﬁmte

in length.. & Sl 3‘ 5

S @) Let . vg ibeivia¥ ‘onto rmgﬁif
homomorphism from a rlng R toa
ring S. Then prove that ¢ is'an .
isomorphism if and only i

‘ker(¢)> {0}t 3

(i) “Determine all ring homomorphlsm 0

from the rlng of 1ntegers Z to itself. .
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o s, Answer the followmg questions as directed :

1x10=10

i ‘-‘:(a) lee an’ example to show that for two

3 »j_non zero elements a and b of a ring R,
- the equation ax= b can have more than
X ~--f‘;0ne solutlon

(b) ) )‘How many nilpotent elements’ have in
2. .. an integral domain ?

Contd.



"‘.-Wh1ch of the followmg statements 1s.

not true? -

i) (5) is a prime 1dea1 of Z.-

(@) (5) isa ma.X1ma1 1dea1 of z

i)
\ w1thout ZEero d1v1sor that 1s ‘no
,1ntegra1 domam “-\“-

ek Compute f(x)+g(x)

4@
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i) (5) is a rnax1ma1 1dea1 of Zzo

: (w) = is an 1ntegra1 domaln i

eﬁne prime ideal of’anng.i

Give example of a comrnutatlve

Cons1der the polynomxal s

(x) 4x° +2x +XE4 andt."

i

glx)=3x" +3x> +3x +x+4 in. Zs

Write f(x) Xhx +x+leZQ[x] as a‘vﬁ»"’

product of 1rredu01ble polynomlal over,_‘

. (h) \‘Nhich’,ef the following is a primitive
polynomial ? -
i), 2x +4x? +6£+1o
. (i) 5x? -30x-20
j -. ; :, i 2% AL R
o (zv) 5x2,;3x+3 .

f(i)" .State whether the following staternent
Hiais true or false :

f'b“A polynomlal f(x) in Z[x] which is

reduelble over Z is also reducible over

O

(]) .Choose the correct statement :

'(i)‘-_'”’jEvery Euclidean domain is a

gn1que factorization domain.

- " (ii). . Every principal ideal domain is a
“..» Euclidean domain.

e (i) [E\}ery unique factorization domain
~ . is a Euclidean domain.

- (iv) Every unique factorization domain
~is a principal ideal domain.
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2: Answer the followmg questlons 2><5=10 :

S ia) I a and ‘b are two idempotents in a

- commutative ring, then sh_.ow_;hat‘
@i g blgbyisiialso’an \i\:de‘mpbotvenyt

element.

(b)- Show that every non zero element of:j-

Z,is a un1t or a zero d1v1sor

(c) . Show' that every rlng homomorph1sm“ :

f Z, —+Zn is of the form‘ f(x)

(z,®,®,) is a ring w1th umty

- (b) Find all rlng homomorphlsm from
HZO®Z 0. Ziy ] AT KT

3 (Sem~-4/CBCS) MAT HC3/G

and a®b= a+b ab Show ‘that‘-;“,

(c) Let R beé a commutative ring with unity.
Show that an ideal’ A of R is prime if

R
and only if the quotient rmg — is an

1n,tegra1 domain.

',(d) Define principal ideal domain. Show
that if F is a field, then F[x] is a
- principal ideal domain. 1+4=5

) _ ‘Show that every Euclidean domain is a
principal ideal domain.

Show ””chat' the number of reducible
' polynomials over Z, of the form

21 p(p+1)
2

x“+ax+b is

"Atnswer,:'the fdllow'ing questions : 10x4=40
(a) (l) _‘LetiR be a commutative ring with
- unity. Show that the set

- Rlx] = ta, " 1‘»a,,L_1xn_1 +.Ltax<ag/a; e R,
.. nis a non-negative integer} is a ring.
Also show that if R is an integral
" domain, then R[x] is also an integral
domain. ; S+2=7
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(i) Let R be a commutative-'ﬁh'g and “
A be any subset of R. Show that /

(ii) et f(x) 5x* +3x +1 and
‘the nil-radical of A, e e

4 ’g( )= 3x +2x+1 in Z7[x]
e Determlne the quotlent and
_ remamder upon d1v1d1ng f( ) by "y

- Or _ ;
(i) Show that -

-N(A):r{r'eR/r"eAfbr somenejV}.
is an ideal of R. s 33
Or 2

Eule Let ¢ be a ring homomorphism
: ‘»from R to S.-Then the rnappmg

Z,J_l {a-rb«/Z— a, bi?Z : \ Be f‘from ker({a) to ¢;(R) given by

_r + ker(go) - ¢(r) isiafy; s

Ay
|
el
[

: t\')
;E,
oy
R
B“

m
N

(R)

'b‘.;;1somorphlsm ie.;
i : ker(¢)

_ Le’c\"¢ ‘be a ring homomorphism
from aring Rto aring S. Let B be
akr}_g_-~ ideal} S ofis ES S Then
N e : ¢ ‘B ] {reR ¢(r)eB}1san1deal.
- (b) (i) Define maximal ideal of a ring. Let of R D & 4
A VA ‘be an 1deal of a commutatwe : ; R

If FIS a ﬁeld and p( ) F[x], then prove -

that F[ L. isa ﬁeld if and only if p(x)

(px)

~is irreducible over F.

i ﬁeld if and only 1f A is max1ma ]
RS % 1+6 =7

3/(Sem-4/CBCS) MAT HC3/G 7 SRR Contd




